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Abstract
Understanding the acoustic cavitation threshold is essential for minimizing
cavitation bioeffects in diagnostic ultrasound and for controlling cavitation–
mediated tissue ablation in focused ultrasound procedures. The homoge-
neous cavitation threshold is an intrinsic material property of recognized
importance to a variety of applications requiring cavitation control. How-
ever, acoustic measurements of the cavitation threshold in water differ from
those predicted by classical nucleation theories. This persistent discrepancy
is explained by combining novel methods for acoustically nucleating single
bubbles at threshold with numerical modeling to obtain a nucleus size distri-
bution consistent with first–principles estimates for ion–stabilized nucleii. We
identify acoustic cavitation at threshold as a reproducible subtype of hetero-
geneous cavitation with a characteristic nucleus size distribution. Knowledge
of the nucleus size distribution could inspire new approaches for achieving
cavitation control in water, tissue, and a variety of other media.
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Introduction
Understanding the acoustic cavitation threshold is essential for the miti-
gation and control of cavitation bioeffects in diagnostic ultrasound (Church,
2002) and for cavitation control in therapeutic ultrasound procedures (Bader et al.,
2019). Homogeneous cavitation occurs when a medium spontaneously rup-
tures under a tensile (negative) pressure exceeding its tensile strength (Leighton,
2012). Acoustic measurements of the homogeneous cavitation threshold in
water range from −21 to −30 MPa at room temperature (Herbert et al.,
2006; Davitt et al., 2010; Greenspan and Tschiegg, 1982; Bader et al., 2019),
which are of significantly smaller magnitude than values predicted by classical
nucleation theory (Debenedetti, 1996) and measured using microfluidic tech-
niques (Ando et al., 2012). Self–ionization of water is a proposed source of ion
impurities that destabilize water to cavitation (Davitt et al., 2010). Alterna-
tively, these ions could stabilize preexisting nanoscale gas bubbles against dis-
solution (Akulichev, 1966) producing bubbstons (Bunkin and Bunkin, 1992;
Sankin and Teslenko, 2003). Ion stabilization likely explains the observed
longevity of bulk nanobubbles (Nirmalkar et al., 2018b,a; Fang et al., 2018;
Zhu et al., 2016; Uchida et al., 2016) and suggests that acoustic methods
could be measuring the onset of heterogeneous cavitation in a subpopula-
tion of ion–stabilized, nanoscale nuclei rather than a genuine homogeneous
threshold (Maxwell et al., 2013; Sankin and Teslenko, 2003). Nevertheless,
the reproducibility of acoustic threshold measurements in water of vari-
able purity implies that this subpopulation of nuclei is highly consistent
(Maxwell et al., 2013; Borkent et al., 2007; Ando et al., 2012), ubiquitous in
water (Azouzi et al., 2013; Davitt et al., 2010), and intrinsic to water and
water–based tissues (Bader et al., 2019; Bunkin and Bunkin, 1992). Despite
such robust experimental evidence of their existence, these nuclei remain
poorly characterized.
Attempts to use fundamental thermodynamics (Bunkin and Bunkin, 1992)
or nucleation theories to predict a critical or lower–bound cavitation nu-
cleus size at a given temperature (Davitt et al., 2010; Azouzi et al., 2013)
provide limited information about the distribution of nuclei in more prac-
tical settings, and failure to account for nucleus size variation within a
cloud of acoustically–generated bubbles risks neglecting important physics
(Wang, 1999). Prior work in heterogeneous cavitation suggests that nu-
cleus sizes follow a lognormal (Ben-Yosef et al., 1975; Ando et al., 2011) or
Weibull (Wienken et al., 2006) distribution, but it is not clear that these
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distributions are applicable to nanoscale nuclei present at threshold. While
it is possible to measure the size distributions and other characteristics of
nanobubbles (Nirmalkar et al., 2018b,a; Fang et al., 2018; Zhu et al., 2016;
Uchida et al., 2016; Bunkin et al., 2014, 2016; Jin et al., 2007), such stud-
ies involve methods that nucleate multiple bubbles simultaneously in wa-
ter that often contains added ions (Zhu et al., 2016; Uchida et al., 2016;
Bunkin et al., 2014, 2016; Jin et al., 2007). Though they are likely stabilized
by similar physics (Akulichev, 1966), these nanobubbles are not necessarily
representative of the hypothesized nanoscale nuclei present at the acous-
tic cavitation threshold in deionized water. Moreover, nanoparticle track-
ing analysis techniques considered most accurate for measuring nanobubble
size distributions (Nirmalkar et al., 2018b) have detection limits in the tens
of nanometers (Filipe et al., 2010)–larger than estimated sizes for acoustic
threshold nuclei (Maxwell et al., 2013; Bader et al., 2019) or for preexisting
bubbstons in very dilute solutions (Bunkin and Bunkin, 1992). Finally, pre-
vious acoustic methods used to infer threshold nucleus sizes for water and
other liquids have also been limited by an inability to track individual bubbles
from their points of inception (Maxwell et al., 2013; Sankin and Teslenko,
2003). An alternative method adapts homogeneous nucleation theory to the
study of acoustic cavitation in water and tissue (Church, 2002, 1993). This
work assumed spontaneous generation of gas bubbles under energetically–
favorable conditions and was used to estimate critical nucleus sizes for given
sonication conditions. However, all of these methods are limited to inferring
a mean or critical nucleus size that gives rise to a single cavitation event at a
measured threshold pressure. To date, no study has both distinguished acous-
tic cavitation at threshold as a highly reproducible subtype of heterogeneous
cavitation and provided measured cavitation statistics for the distribution of
preexisting nuclei this implies.
Macroscopic cavitation activity in a variety of disciplines is likely affected
by such a nucleus size distribution. The nuclei population is known to de-
termine the onset of ultrasound–induced cavitation in water (Brotchie et al.,
2009; Bader et al., 2019) and tissue (Maxwell et al., 2013; Vlaisavljevich et al.,
2016, 2014, 2015) in biomedical ultrasound. The characteristics of intrinsic
nuclei are of particular interest to histotripsy, a non-thermal focused ultra-
sound procedure that uses controlled cavitation to homogenize soft tissue
into acellular debris (Xu et al., 2005; Parsons et al., 2006) for a variety of
proposed clinical applications (Khokhlova et al., 2015). Mechanical tissue
fractionation in histotripsy requires the creation of a dense cloud of cavitation
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bubbles at the treatment focus (Parsons et al., 2007; Xu et al., 2005). Given
the stochastic nature of cavitation, understanding the conditions required
for bubble cloud generation and maintenance are important for treatment
monitoring and planning (Bader et al., 2019). Furthermore, an understand-
ing of the nuclei population in the relatively controlled setting of histotripsy
treatments provides useful insight into nucleation in other settings. For ex-
ample, cavitation inception in blast traumatic brain injuries (Salzar et al.,
2017) and hydrodynamic applications (Chatterjee and Arakeri, 1997) is also
thought to involve preexisting nuclei. Moreover, assumptions about the char-
acteristics of initial cavities or defects in adhesives (Chikina and Gay, 2000),
metals (Wilkerson and Ramesh, 2016), and amorphous solids (Singh et al.,
2016; Guan et al., 2013) are needed to predict cavitation failure of these
materials. Given the stochastic nature of cavitation phenomena, the abil-
ity to characterize and potentially control the nuclei population in a given
medium would be useful to all of these applications (Brotchie et al., 2009;
Maxwell et al., 2013; Chatterjee and Arakeri, 1997).
This study presents measurements of nanoscale cavitation nuclei in water,
specifically, for the first time, a complete size distribution of nuclei induced
to grow at the acoustic cavitation threshold. Our measurements are made
by combining a unique ultrasound system capable of producing a single cav-
itation bubble at threshold (Wilson et al., 2019) with validated numerical
modeling (Estrada et al., 2018).
Methods
Single–Bubble Experiments
Single–bubble experiments were previously performed in a study compar-
ing laser– to ultrasound–generated cavitation in water and gels (Wilson et al.,
2019), and we leverage the data sets from the water experiments. In brief,
water is deionized to a resistivity of 18 megaohms, filtered to 2 µm, and
degassed to 4 kPa. Experiments use a spherical acoustic array containing
16 focused transducer elements with a central frequency of 1 MHz that is
capable of generating a single cavitation bubble with a well–characterized
pressure waveform. Such control ensures that energy input to grow the bub-
ble is known for a given nucleus size. Single bubbles are nucleated with a
probability of 0.5 using a 1.5–cycle acoustic pulse which has a single rarefac-
tional pressure half–cycle with an amplitude of −24 MPa. This value is con-
sistent with measurements obtained by our group and others using variable
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Figure 1: (a) Radius vs. time measurements from 88 experiments in water degassed to 4
kPa. Clustering of data sets is a consequence of aligning all data such that the maximum
radii occur at t = 0. A single data set is shown in black with spatial resolution error bars.
(b) Data sets scaled by maximum radius and collapse time.
acoustic waveforms and water purity (Herbert et al., 2006; Maxwell et al.,
2013; Vlaisavljevich et al., 2016). Images of the bubbles through a single
cycle of growth and collapse are obtained using a high–speed camera with
a multi–flash–per–camera–exposure technique (Sukovich et al., 2020). This
technique generates images of nested, concentric bubbles which are differ-
entiated using brightness thresholding and edge detection. Bubble radii are
measured at individual flash points by applying a least squares circle fit to
their detected boundaries. For all experiments, the magnitudes of the spatial
and temporal resolution uncertainties are 4.3 µm and ≤1.25 µs, respectively.
Aggregate radius vs. time data sets for 88 acoustically–nucleated single–
bubble experiments in water degassed to 4 are shown in Figure 1(a). Al-
though all of the bubbles represented in the curves in Fig. 1(a) were generated
under equivalent experimental conditions, significant differences between in-
dividual experiments are evident. Black points are a single representative
data set, and error bars correspond to uncertainty associated with limita-
tions in spatial resolution. Given that most of the other data sets fall outside
of these error bars, it can be concluded that error associated with limitations
in spatial resolution does not explain the data spread. Figure 1(b) shows
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that the data sets collapse when scaled by the measured maximum radius
and collapse time, tc = 0.92Rmax
√
ρ∞/P∞, where Rmax is the maximum
bubble radius of a given data set, ρ∞ is liquid density, and P∞ is the far–field
liquid pressure (both constants given in Table 1). Thus, all experiments are
governed by the same physics with exceedingly small uncertainty once ap-
propriate scaling addresses uncertainties in initial conditions. In particular,
the energy delivered by the ultrasound pulse to the nucleus grows the bubble
as the bubble expands to maximum radius against its surroundings. That
initial energy is proportional to the nucleus volume and ultrasound pressure
amplitude. Given the negligible error in pressure amplitude measurement
and its consistency with previous studies (Davitt et al., 2010), we submit
that the data spread is due to different nanoscale nucleus sizes correspond-
ing to each experiment. Validated numerical methods can then be used in
combination with experimental data to infer these unknown nucleus sizes.
Theoretical Model
We simulate the dynamics of a single spherical, homobaric air bubble
in water. To account for near–field compressibility effects, radial bubble
dynamics are described by the Keller–Miksis equation (Keller and Miksis,
1980): (
1− R˙
c∞
)
RR¨+
3
2
(
1− R˙
3c∞
)
R˙2 =
1
ρ∞
(
1 +
R˙
c∞
+
R
c∞
d
dt
)[
pB−
(
p∞ + pf
(
t+
R
c∞
))
− 2σ
R
+ J
]
,
(1)
where R is the bubble radius, c∞ and ρ∞ are the constant sound speed and
density of the medium, respectively. The surface tension, σ and viscosity, µ
are constants for water at 25 ◦C. These parameters and others that remain
constant for all simulations are given in Table 1.
Heat transfer effects are considered by solving for temperature fields in-
side and outside of the bubble. The time derivative of the internal bubble
pressure, pB(t) couples the Keller–Miksis equation (Eq. 1) to the energy
equation for air inside the bubble:
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where T (r, t) is the temperature field of air inside the bubble, which has
a ratio of specific heats κ. The air has a thermal conductivity given by
K = KAT +KB, where constants KA and KB were determined empirically
for air (Prosperetti et al., 1988). The initial pressure inside the bubble is
pB(0) = p∞+2S/R. A boundary condition is prescribed for the center of the
bubble: ∇T = 0 at r = 0. The bubble wall boundary condition is simplified
to T (R) = T∞ under the assumption that the water remains at its constant
ambient temperature through the single cycle of bubble growth and collapse
considered in each experiment (Prosperetti, 1991; Estrada et al., 2018).
The far–field pressure is the sum of the ambient pressure, p∞ and time–
varying incident pulse, pf(t):
pf (t) =
{
pA
(
1+cos[ω(t−δ)]
2
)n
, |t− δ| ≤ pi
ω
,
0, |t− δ| > pi
ω
.
(4)
The pressure amplitude, pA = −24 MPa and frequency, f = 1 MHz (ω =
2pif) are approximated from experimental waveform measurements while the
time delay, δ = 5 µs and fitting parameter, n are chosen as in previous stud-
ies (Vlaisavljevich et al., 2014; Mancia et al., 2017). Based on the notion
of a cavitation threshold, cavitation only occurs if a sufficiently large ten-
sion is applied. The experimental waveform consists of several cycles, and
only the peak negative portion is beyond threshold. An analytic approxima-
tion of this peak negative pressure portion of a raw experimental waveform
(Mancia et al., 2019) is valid in this near ideal case of inertial cavitation in
which resonant frequency of the bubble is much less than the driving fre-
quency of the waveform.
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Table 1: Constant Parameters
Parameter Value
pA −24MPa
f 1MHz
n 3.7
δ 5µs
S 72mN/m
c∞ 1496m/sec
ρ∞ 1000 kg/m
3
∞ 101.325 kPa
T∞ 25
◦C
κ 1.4
KA 5.28× 10−5W/mK2
KB 1.165× 10−2W/mK
Problem Setup
The equations are nondimensionalized (Warnez and Johnsen, 2015) us-
ing the initial bubble radius, R0, water density, ρ∞, equilibrium pressure
of the bubble contents, p0 = p∞ + 2σ/R, and far–field temperature, T∞
to define a characteristic speed, uc =
√
p0/ρ∞ and dimensionless parame-
ters: Reynolds number, Re = ρ∞ucR0/µ, Weber number, We = p0R0/2S,
dimensionless sound speed, C = c∞/uc, and χ = T∞KM/p0R0uc. A variable–
step, variable–order solver based on numerical differentiation formulas (MAT-
LAB ode15s) is used for numerical time marching (Shampine and Reichelt,
1997; Shampine et al., 1999). Equations are integrated over a dimensional
time span of t = [0, 50] in microseconds; results are then time–shifted so
that the maximum bubble radius occurs at t = 0. Using numerical meth-
ods described by (Warnez and Johnsen, 2015), the spatial derivatives in
the energy equation are discretized on a mesh of Ns + 1 points in r-space
(Prosperetti et al., 1988) inside the bubble and computed using a spectral
collocation method (Warnez and Johnsen, 2015). Results are sufficiently
converged when simulations use Ns = 30 points inside the bubble. A more
detailed treatment of the derivation and numerical implementation of this
model can be found in the literature (Prosperetti et al., 1988; Kamath et al.,
1993; Barajas and Johnsen, 2017; Warnez and Johnsen, 2015).
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Results
To construct the nucleus size distribution, we hypothesize that cavitation
nuclei exist as stabilized nanobubbles (Maxwell et al., 2013; Sankin and Teslenko,
2003) and seek to determine the minimum nucleus size, R∗0 required for cavita-
tion growth at a given threshold pressure. Based on past work on the acoustic
cavitation threshold (Maxwell et al., 2013; Vlaisavljevich et al., 2015, 2016),
the threshold pressure is fixed at its measured value of −24 MPa for all
simulations. Figure 2(a) shows the simulation maximum bubble radius as a
function of nucleus size under this tensile pressure. Bubble growth is neg-
ligible until a minimum nucleus size of R∗0 = 2.32 nm is reached. Because
the time of the tensile pulse is much longer than the timescale of the bubble,
the quasistatic assumption holds, and the minimum nucleus size can be cal-
culated from the Blake threshold (Leighton, 2012). The minimum pressure
amplitude needed to cause explosive growth of a bubble with initial radius
R0 is given by:
PB = P∞ +
8σ
9
√
3σ
2(P∞ + 2σ/R0)R30
, (5)
where PB is the Blake threshold, P∞ = 101.325 kPa is the ambient pressure
of the surrounding fluid, and σ = 0.072 N/m is the surface tension of water
at 25◦C. Assuming 2σ/R0 ≫ P0 for these nanoscale nuclei gives rise to a
simplified expression for R0:
R0 =
4σ
3
√
3
(
1
PB − P∞
)
. (6)
In the present case, the Blake threshold pressure is equivalent to the mea-
sured threshold pressure: PB = 24 MPa. Substituting the other physical
constants into Eq. 6 gives R0 = 2.32 nm = R
∗
0, which is the minimum bubble
radius that will grow when exposed to the measured Blake threshold pressure
(Walton and Reynolds, 1984). For comparison, previous studies estimate the
minimum radii of stabilized nanoscale nuclei to be approximately 2.0 nm
(Bunkin and Bunkin, 1992) from first principles and 2.5 nm (Maxwell et al.,
2013) from bubble dynamics simulations. In contrast, critical nucleus vol-
umes obtained using homogeneous nucleation theories correspond to radii of
1.3 nm (Davitt et al., 2010) and 0.88 nm (Azouzi et al., 2013) at 300 K.
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Figure 2: (a) Simulation Rmax vs. nucleus size. (b) A representative data set in black. The
simulation (blue trace) initialized with R0 indicated by solid red point in (a) optimizes
the normalized rms error between experiment and simulation nearest neighbors (red open
points).
The complete nucleus size distribution is created by varying the R0 used
to initialize simulations over a range of 2.32− 6.00 nm for each experimental
data set. A nearest neighbors algorithm with a standardized Euclidean dis-
tance metric is then used to identify simulation points closest to experimental
data points. The nucleus distribution consists of R0 values that optimize the
normalized root–mean–squared (rms) error between individual data points of
a given experimental realization and their simulation nearest neighbors. The
average normalized rms error for these data sets is 0.98 (with 1.00 implying
a perfect fit). Figure 2(b) shows the representative data set from Figure 1.
The simulation initialized with R0 = 2.78 nm (indicated by the red point in
Figure 2(a)) optimizes the normalized rms error between the experimental
data (black points) and the nearest neighbors on the simulation trace (red
open points). In this case, the normalized rms error is 0.98, which is equiva-
lent to the mean error for all data sets. This procedure is followed for each
data set to obtain R0 values optimizing the normalized rms error.
Simulations initialized with different nucleus sizes effectively bound the
experimental data sets as shown in Figure 3. Aggregate experimental data
10
Figure 3: Experimental data from Fig. 1. Shaded region is bounded by simulations ini-
tialized with the smallest and largest nucleii. The dark red trace is the simulation cor-
responding to the mean nucleus size. The dashed blue trace is the simulation initialized
with R∗
0
.
from Figure 1 are shown in black, and the shaded region is bounded by
simulations initialized with the smallest nucleus size, R0 = 2.33 nm and
the largest nucleus size, R0 = 4.99 nm that optimize the normalized rms
error. The dark red trace is the simulation initialized with the mean nucleus
size of 2.88 nm, and the blue dashed trace is the simulation initialized with
the predetermined, lower–bound nucleus, R∗0 = 2.32 nm. The nucleus size
distribution is best approximated by a lognormal probability distribution
function (pdf), outlined in red in Figure 4, which has σ = 0.11 and µ =
1.0. This finding is consistent with previous use of a lognormal distribution
to model equilibrium bubble sizes for polydisperse flow based on measured
bubble populations in a water tunnel and ocean water (Ben-Yosef et al., 1975;
Ando et al., 2011).
Discussion
The nucleus size distribution is consistent with previous studies which es-
timated the sizes of ion–stabilized nuclei to be between 2 and 4 nm (Sankin and Teslenko,
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Figure 4: Nucleus size distribution fitted to lognormal pdf (red).
2003; Bunkin and Bunkin, 1992), and supports the hypothesis that hydro-
nium ions (e.g. those produced during self–ionization of water) are the
ubiquitous impurity responsible for the discrepancy between acoustically–
measured and theoretical homogeneous cavitation thresholds (Davitt et al.,
2010). The lognormal pdf parallels size distributions measured for larger
cavitation bubbles in settings of heterogeneous cavitation (Ben-Yosef et al.,
1975; Ando et al., 2011), and nuclei measured in this study are at least
1 nm larger than critical nucleus sizes obtained using homogeneous nu-
cleation theories at comparable pressure amplitudes. These findings sug-
gest that acoustic methods, even in highly purified water, are measuring
a threshold for heterogeneous rather than homogeneous cavitation. How-
ever, consistency in measurements (Herbert et al., 2006; Davitt et al., 2010;
Greenspan and Tschiegg, 1982) distinguishes cavitation at the acoustic thresh-
old as a reflection of the nucleii population intrinsic to that medium.
Despite significant differences in waveform and water quality used in
previous experiments (Herbert et al., 2006; Maxwell et al., 2013), measured
acoustic cavitation thresholds differ from each other and from ours by < 4
MPa. A previous study also notes that their threshold measurements are sta-
ble even to the deliberate introduction of impurities (Herbert et al., 2006).
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However, there is evidence that gas concentration of the water could give rise
to larger nuclei (Akulichev, 1966). To investigate this possibility, preliminary
experiments were performed with water degassed to 40 kPa (∼ 40% oxygen
saturation) instead of to the original 4 kPa (∼ 4% oxygen saturation) in
our original experiments (Wilson et al., 2019). The higher gas content had a
negligible effect on the measured acoustic cavitation threshold of −24 MPa.
From 28 single–bubble experimental data sets, we inferred a mean nucleus
size of 3.60 nm with nucleus sizes ranging from 2.64 nm to 5.78 nm. Although
the newly measured nuclei are slightly larger, as expected from the arguments
presented in (Akulichev, 1966), the mean nucleus sizes agree to within < 1
nm despite the ten–fold difference in gas content of the water. These re-
sults support previous findings that both the acoustic cavitation threshold is
relatively stable to changes in water purity. Future work will further investi-
gate the role of gas content, pH, and additive ions on the acoustic cavitation
threshold in water and its associated nucleus size distribution.
Our method for determining the nucleus size distribution infers quanti-
ties well below the resolution limits of experiments, but our theory could be
strengthened by greater consideration of nanoscale physics. For example, ion
interactions could affect the earliest stages of bubble growth when nucleus
sizes are nanoscopic. Additionally, nucleation phenomena are highly depen-
dent on surface tension (Church, 2002), and the effective surface tension
experienced by a nanoscale nucleus differs from that of the bulk medium
(Azouzi et al., 2013). Investigation of these effects will be the subject of
future work, with molecular dynamics simulations offering the most robust
approach. Finally, our work has focused on water given its well–characterized
physical properties and an acoustic cavitation threshold that is comparable
to that of water–based soft tissues (Bader et al., 2019). In future work, we
intend to extend these results to other liquids and viscoelastic media exhibit-
ing thresholds outside of the typical range for water and water–based tissues
(Maxwell et al., 2013).
Conclusions
In summary, this work presents a new approach for using single–bubble
experiments and numerical simulations to measure the size distribution of
nanoscale cavitation nucleii present at the acoustic cavitation threshold. Rec-
ognizing that the leading–order experimental uncertainty lies in the initial
nucleii population, the inverse problem for the nucleus size distribution is
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solved with a single–bubble numerical model. The nucleus size distribution
obeys a lognormal pdf ranging from 2.33 to 4.99 nm with a mean of 2.88 nm.
Although water is the only medium considered in this study, the methods
presented here could be readily extended to predict the intrinsic nucleus size
distributions characteristic of other liquids and tissue–like media, thus offer-
ing a new avenue for achieving cavitation control in biomedical ultrasound
and a variety of other applications.
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